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Abstract

Diffusion models have emerged as a promising class of generative models that map noisy inputs to
realistic images. More recently, they have been employed to generate solutions to partial differential
equations (PDEs). However, they still struggle to solve forward problems in the Laplacian operator,
for instance, the Poisson equation, because the eigenvalues that are large in magnitude amplify the
measurement noise. This paper presents a novel approach for the forward and inverse solution of
PDEs through the use of denoising diffusion restoration models (DDRM). DDRMs were used in
linear inverse problems to restore original clean signals by exploiting the singular value decompo-
sition (SVD) of the linear operator. Equivalently, we present an approach to restore the solution
and the parameters in the Poisson equation by exploiting the eigenvalues and the eigenfunctions
of the Laplacian operator. Our results show that using denoising diffusion restoration significantly
improves the estimation of the solution and parameters. Our research, as a result, pioneers the
integration of diffusion models with the principles of underlying physics to solve PDEs.
Keywords: Denoising Diffusion Restoration Models, Laplace Operator, Physics-Informed Ma-
chine Learning, Inverse Problems

1. Introduction

Denoising diffusion models are among the current leading methods for generative modeling (Ho
et al., 2020; Song et al., 2021). They have shown great success in applications such as the gen-
eration of images, speech, and video, as well as image super-resolution (Song et al., 2021; Yang
et al., 2023). Other applications include physics-guided human motion (e.g., PhysDiff (Yuan et al.,
2023)), customized ODE solvers that are more efficient than Runge-Kutta methods (Lu et al., 2022),
molecule generation (Hoogeboom et al., 2022), and more (Yang et al., 2023). Furthermore, they are
stable to train and are relatively easy to scale.

The Laplace operator is a differential operator of second order, A = V - V (Gilbarg and
Trudinger, 1983), which appears in many partial differential equations (PDEs) such as the Pois-
son equation, heat equation, and wave equation. It is a compact self-adjoint operator and thus, has
an orthonormal set of eigenfunctions and real eigenvalues (Chavel, 1984). This paper concerns two
problems involving the Laplace operator defined in the domain Q = [0, 1]2; (i) the forward prob-
lem, where we are given a function u € C2(Q2) with u = 0 in the boundary, 92, and we intend to
compute Awu, and (ii) the inverse problem, where we are given a function f € C(£2) and we intend
to compute v satisfying Auv = f and v = 0 in 9f).

Since many PDEs do not have an analytical solution, numerical methods are necessary for
obtaining solutions to these systems (Thomas, 2013; Quarteroni et al., 2006). However, numerical
methods lead to known numerical errors and are often computationally expensive, especially for
complex PDEs. Additionally, while there are many PDE solvers, they are often restricted to the
specific type of PDE they are designed for. When working to understand the physics of a system,
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these numerical errors add noise which makes the physics difficult to solve. In recent years, deep
learning techniques have been introduced to solve PDEs. Such examples include physics-informed
neural networks (PINNs) (Raissi et al., 2019), deep operator networks (DeepONets) (Lu et al.,
2019), and Fourier neural operators (FNOs) (Li et al., 2020). These techniques have been used to
improve computational efficiency, reduce numerical errors, conduct reduced-order modeling, and
develop generalized PDE solvers. Although these techniques are effective in solving PDEs, their
precision and generalizability, like many machine and deep learning methods, are limited by the
scarcity of high-quality training data.

In more recent works, Apte et al. 2023 seek to address the problem of data scarcity for machine
learning methods of PDE modeling by developing a method of data generation using a diffusion
model. By training on data from the steady 2D Poisson equation on a fixed square domain, they
made diffusion models generate paired data samples that adhered to physics laws, despite not in-
cluding physics in the model directly. They trained a model to generate pairs of u and f satisfying
Au = f, thus addressing the challenge of capturing the joint distribution of « and f. The work of
Ovadia et al. (2023) also uses diffusion models in conjunction with vision transformers to model
time-dependent PDEs. We intend to build upon these works by adding conditions on u or f drawn
from a test set (and hence unseen by the diffusion model during training). Furthermore, contrary
to these past works, we exploit the physics of the Laplace operator to derive eigenvalue and eigen-
function pairs that we project v and f onto.

We first start by replicating diffusion model-based data generation for the 2D Poisson equation
with homogeneous Dirichlet boundary conditions as in Apte et al. 2023. We trained a denoising
diffusion implicit model (DDIM) (Song et al., 2021) on a sample of 38,250 data points. After
training the diffusion model, we generate numerical solutions u(x, y) conditioned on the parameter
f(x,y), which we will refer to as the inverse process. Our numerical results are posted in appendix
H, and show that the DDIM model is a great, albeit noisy numerical solver to the Poisson equation.
We attempt to generate approximations to the parameter f(z,y) conditioned on u(z,y), which we
will refer to as the forward process. Our numerical results are posted in appendix G and demonstrate
that the DDIM model is a poor numerical solver for the forward problem. Therefore, we require a
better method to solve the forward problem.

To solve this problem, we employ denoising diffusion restoration models (DDRMs) (Kawar
etal., 2022; Chung et al., 2023; Murata et al., 2023). DDRMs are used to restore clean data in linear
inverse problems using a pre-trained diffusion model without requiring any fine-tuning. The authors
achieve this by using the singular value decomposition (SVD) of the linear operator to transform
the original signal and observed signal to a shared spectral space. DDRMs showed state-of-the-art
performance in restoring realistic images in super-resolution and deblurring tasks by assuming that
the original clean image is returned by a generative model.

We use DDRMs to solve the Poisson equation for f(x,y) conditioned on u(z,y) and to solve
u(z,y) conditioned on f(z,y) based on Kawar et al. (2022). Similar to how DDRMs solve linear
inverse problems by exploiting the singular value decomposition of the linear operator, we solve
forward and inverse problems in the Poisson equation by exploiting the eigenspace of the Laplace
operator constrained to homogeneous Dirichlet boundary conditions. Our method shows a signifi-
cant improvement in the restoration of the parameters, achieving a mean absolute error (MAE) of
0.03215. Furthermore, we achieve an average MAE of 1.175 x 1079 in our improved forward pro-
cess, which is just slightly greater than the MAE of 6.672 x 10~7 upon using the finite difference
method, thus showing a significant improvement by using DDRM. Our results are briefly shown in
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Figure 1. Our work outperforms other data-driven benchmarks as well, and is the first to do so by
including the physics in diffusion models.
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Figure 1: Plots of DDRM generated solutions of the inverse process f(z,y) (middle), u(zx,y) (left),
and the true f(x,y) (right).

2. Problem statement and conditional distributions

We will start by describing the forward and inverse problems associated with the Laplacian operator
by considering the Poisson equation defined on two spatial dimensions

Au=f ey



where the domain is Q = [0, 1]> with homogenous Dirichlet boundary conditions u = 0 on 9.
The forward problem concerns computing f conditioned on u, and the inverse problem concerns
computing u conditioned on f — in other words, solving the PDE.

Forward problem

Consider the following forward problem defined on a domain Q = [0, 1]?

fO - Au()a
U= Uy + Zy, )

where Ay is the Laplacian of a function ug € C%(Q) U C1(99), and fy € C(Q) is a forcing
function. And we have the boundary conditions ugp = 0 on 9. z,(z,y) is a Brownian bridge
satisfying the same boundary conditions as ug. w is the observed signal with measurement noise
from which we need to estimate the parameter fo.

As shown in appendix G, a pre-trained diffusion model fails to retrieve the parameter fo(x,y)
conditioned on u(z, y) if we use a dry forward process.

Inverse problem

Consider the following inverse problem defined on a domain Q = [0, 1]
f=Aug+ 2z f 3)

where zy ~ N (0, 02) is measurement noise with known covariance o2. Auy is the Laplacian of a
function vy € C%(Q) U C1(9N), and fy € C(Q) is a forcing function. And we have the boundary
conditions ug = 0 on 0f2. As shown in appendix H, a pre-trained diffusion model is effective in
retrieving the solution ug(z, y) conditioned on the parameter f(z,y) through a dry inverse process.
However, there is a significant amount of noise in these estimated solutions, thus increasing the
MAE.

In this section, we will introduce some prior work that assists us in deriving an improved method
to restore f(z,y) and u(x,y).

2.1. Denoising diffusion restoration models

DDRM is a method that uses a pre-trained diffusion model pg as a prior for data (Kawar et al., 2022).
It is used to restore clean images in non-blind linear inverse problems of the form y = Hxg + 2,
where xg is the original image, z is measurement noise with known covariance, and H is a linear
operator. DDRM is defined as a Markov chain z7 — 71 — - -+ — 1 — x¢ conditioned on y:

T—1
plzor | y) = vy (ar [ y) [] 0y (2t | 241, 9). )
t=0

DDRM uses the singular value decomposition of H to project x7 and y into a shared spectral
space. It has shown improved performance in restoring clean images in multiple tasks such as
image deblurring, inpainting removal, image coloration, and super-resolution (Kawar et al., 2022).
This work has been followed by the works of (Chung et al., 2023; Murata et al., 2023) that extend
DDRMs to blind inverse problems where the operator H is unknown.
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2.2. Eigenvalues and eigenfunctions of the Laplacian operator

Although problems like in Eq. 2 do not have a notion of singular value decomposition, its eigenvalue
decomposition has been explored in past works in the PDE literature and offers us a method to
project u and f into a shared spectral space. That is explained by the following proposition.

Proposition 1 The eigenfunction and eigenvalue pairs of the Laplacian operator A in a domain
Q = [0, 1)? subject to the boundary conditions u = 0 on OS2 are of the form

Un,m (2, y) = sin(nmz) sin(mmy) 5)

Anm = —(nm)? = (mm)? (6)

For completeness, a proof of this known proposition is provided in appendix A. This proposition
will be useful in our derivation of the modified DDRM algorithm. We are projecting the functions u
and f into the eigenfunctions of the Laplacian operator, thus allowing us to solve them on a shared
spectral space. The proposition also explains the numerical results shown in appendix G and H.
Due to the large magnitude of the eigenvalues, the Laplacian operator minimizes the measurement
noise in the inverse process, but it amplifies the noise measurement noise in the forward process,
thus making fy harder to compute.

2.3. Introducing conditional distributions

In the forward and inverse problem with the Laplacian operator, it is important to note that assuming
that the measurement noise is i.i.d along the whole grid may not be realistic. Recognizing that the
distribution of the noise varies along x and y is important to sample solutions that are consistent
with our knowledge of the problem, such as the PDE and the boundary conditions. Naturally, it
makes sense that our solution has the highest uncertainty along the center of the domain (i.e. points
near (0.5,0.5)).

2.3.1. FORWARD PROBLEM

We define the noise z,, as a Brownian bridge satisfying the homogenous boundary conditions z,, = 0
on 0f). A common approach is to express z,, as a double sum of sinusoidal functions (satisfying the
boundary conditions)

N N
Zy = Z Z Wn,m sin(nz) sin(mmy), 7
n=0m=0

where wy, m ~ N (0, ai,m) are random coefficients with known variance J%vm. Putting this together,
zy,, has the following distribution

N N
zu(z,y) ~ N <0, Z Z ai»m sin(nmz)? Sin(mﬂy)2> (8)

n=0m=0

Three numerical simulations of this Brownian bridge have been plotted in figure 2 with oy, ,, =
le — 5 for all n, m.
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Figure 2: Numerical simulations of Brownian bridge with o, ,,, = 1e — 6 for all n, m

2.3.2. INVERSE PROBLEM

We define the noise z¢ as i.i.d Gaussian since we do not impose any assumptions on f(x,) other
than continuity. This, however, does not apply to u(x,y). We introduce theorem 2 that models its
distribution along (z, y).

Theorem 2 If f = Au+ zy where zy ~ N (0, O'J%), then the marginal distribution of u conditioned
on fis
u(,y) | fo ~ N (o, 03K (2,y)), ©)
where
Kla) = [ [ () = (@) asay. (10
where 1)(-) is the Green’s function in two dimensions

(G an

A proof of the theorem is provided in appendix B. This theorem will be very important in our
DDRM algorithm for sampling u(x, y) conditioned on f(z,y).

In the development of our algorithm, we are interested in the distribution of the discrete sine
transform of u(z,y). Computing this distribution is expensive, so we introduce a theorem that
places an upper bound on the variance of the discrete sine transform of u(z, y).

Theorem 3 Let f = Au+ zf where zy ~ N (0, crj%). Consider the discrete sine transform (DST)
of u(x,y)

a™™ = (u,sin(nmz) sin(my)). (12)

We can place an upper bound on the variance of a™™).

2
Varfa™m|fo] < ( +ln2max(n,m)) UJ% (13)

m2(n? + m?2)

A proof of the theorem is provided in appendix C. This theorem follows from theorem 2 and
helps us define distributions to sample u(x, ) conditioned on f(x,y). Notice that the coefficient of
the variance term can be computed analytically, thus significantly reducing the computation cost of
our algorithm compared to computing K (z, y) using numerical integration.



DDRM FOR LAPLACE OPERATOR

3. DDRM for solving PDEs

3.1. Forward process: Sampling f conditioned on u

In this section, we will explain the use of DDRM in sampling f while conditioned on u. We will
denote the projection of f(z,y) and u(x,y) into a 64x64 grid as f and u respectively. We define
the DDRM in this example to be a Markov chain fr — fr_; — --- — f; — fjj conditioned on u:

T-1
po(for | w) = py (b | ) ] o5 (& | i1, ) (14)
t=0

In the sampling of f7 and f; for ¢t = 0,...,T" — 1, our approach is a modified version of Kawar
et al. (2022), where we consider the projection of u and f in the eigenfunctions of the Laplacian
operator instead of singular vectors of a linear operator. Similarly to their work, we will consider
the variational distribution conditioned on u.

T—1
q(frr | fo,u) = p ) (fr | fo,w) [T o (B | £t o, w) (15)
t=0

We consider the discrete sine transform (DST) of u and f; and perform the diffusion in its

spectral space. Define (™™ and ﬂmm) as follows:
G = Ay, sin(n) sin(my)), (16)
£"™ = (8, sin(nmz) sin(my)), an

where A, ,,, are the eigenvalues from proposition 1. Since none of the eigenvalues A, ,, are zero,

we can defined the variational distribution for f for each index n, m in f(Tn m) as:

gD E™ | £5,0) = N@™™, 02— 02 A2 ), (18)

n,m” \n,m
where 0, ,,, are defined as the standard deviation of w,, ,,, in equation 7. We assume that o >
Om.nAn,m for all n, m. We can also define the variational distribution for f; for each index 7, m in

fﬁ"’m) as:
q(t) (ftn’m) | f07 ft+17 u) -

S(n.m () g i
N f(() ) + /1= 772%“70,772%2)7 if oy < opmAnm

Un,m)\n,m

N’O—mﬁ$m+mﬁmiﬁ—ﬁmvmﬁ) if 01 2 onmAnm

m

; 19)

where 7, m, € [0, 1] are hyperparameters controlling the variance of the distributions. We introduce
a proposition that verifies the convergence of this variational distribution.

Proposition 4 (Modified version of Proposition 3.1 from Kawar et al. (2022)) The conditional
distributions defined in equations 18 and 19 satisfy the following Gaussian marginal property:

(8" 1) = NE o) 20)

The proof of this proposition is in Appendix D. Based on the formulation of the conditional distri-
bution in section 2.3.1, this proposition shows that the transitions f; converge in distribution to the
distribution of fy.



Sampling of f7.

The sampling of f7 is performed by sampling from the distribution p(fr | u). Sampling from
this conditional distribution is intractable, so we use our modified DDRM to approximate the dis-
tribution. Since none of the eigenvalues A, ,, are zero, our DDRM method for sampling f7 is as
follows:

P EF W) = N @, 0F — 02 2 ) @D
In this process, we assume that o7 is sufficiently large to satisfy o7 > 0y, ((n7)? + (mm)?) for
all n,m € {1,...,64}, so that the variance term is non-negative. This distribution is identical to the
variational distribution from 18.

Sampling of f;.

The sampling of f; is performed by sampling from the distribution p(f; | f;11, ..., f7, u). Sampling
from this conditional distribution is intractable, so we use our modified DDRM to approximate the
distribution. We denote the prediction of fj at time step ¢ as fy ;. Our DDRM method of sampling
f; is as follows:

pét) (én,m) | ft+1,u) =
(n,m)

=(n,m a(mm) _f, .
N fé,t ) +v1- 7720t 0.t 77720t2>7 if oy < Un,m)\n,m

C7'1’1,,')’:1)\'n,m

£(n.m) =(n,m) 2 2 \2 2 : @2)
N (1 - nb) fb?,t + ™t op — Jn,m)‘m,nnb)y ifoy > Un,m)\n,m

where 0 < 7 < 1and 0 < 7, < 1 are hyperparameters, and 0 = o9 < 01 < 09 < --- < o are
noise levels that is the same as that defined with the pre-trained diffusion model. This distribution
is obtained by modifying the variational distribution from 19. Since fj is unknown at time step ¢,
we need to use our pre-trained diffusion model to approximate it, which we denote as fy ;.

3.2. Inverse process: Sampling u conditioned on f

In this process, we consider the DST of u; and f and perform the diffusion in its spectral space.

Define ﬁﬁ”’m), ?(n’m), and K(n’m) as follows:

F(nm) _

u, = (wy, sin(nmx) sin(mny)), (23)
£ = (f, sin(nmx) sin(mmy)) / An m, (24)
where A, ;,, are the eigenvalues from proposition 1. To clarify the distinction from the definitions
in 16,17, note which variable has a subscript of ¢. We also define K(n’m) as the variance term of
u, introduced in theorem 3:
_ 1 2
K™™ = ( + In2 max(n, m)> . (25)
[An,ml
K(n’m) has a maximum of 1967.938 corresponding to n = 1, m = 64. Since none of the eigenval-

. . . . . . . —ln.m
ues A, , are zero, we can defined the variational distribution for ur for each index 7, m in ugﬂ ™)

as:
gD @™ | ug, £) = NE"™ 02 — 3K "™ /22,), (26)
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where o are defined as the standard deviation of wy, ,, in equation 7. We assume that o >

of K" /An,m for all n, m. We can also define the variational distribution for u; for each index
(n,m)

n,minu, as:

t) [—(n,m
g (ug g anut+1,f) =
f(n ,m) 7(77. m) == (n,m)

(

N<ﬁ(n7m) +v1- nop——2—— 7772‘72>’ op < X K
0 W/ t An,m

o /K(n,m)

An,m

2K(n ,m) (27)

N((l—nb)( )+nf( )?—finb) o>

where 1, n, € [0, 1] are hyperparameters controlling the variance of the distributions. We introduce
a proposition that verifies the convergence of this variational distribution.

Proposition 5 (Modified version of Proposition 3.1 from Kawar et al. (2022)) The conditional
distributions defined in equations 26 and 27 satisfy the following Gaussian marginal property:

a (T | wp) = N(E ™, oK) 28)

The proof of this proposition is in Appendix E. Based on the formulation of the conditional distri-
bution in section 2.3.2, this proposition shows that the transitions u; converge in distribution to the
distribution of uy.

Sampling of ury.

The sampling of uyp is performed by sampling from the distribution p(ur | f). Sampling from
this conditional distribution is intractable, so we use our modified DDRM to approximate the dis-
tribution. Since none of the eigenvalues )\, ,, are zero, our DDRM method for sampling x7 is as

follows: () )
pgP @™ | ) = NE™ 02— 3K A2 ) 29)

For this sampling to be tractable, we choose an appropriate value for o such that o7 > o/ (1v/2).
This distribution is identical to the variational distribution from equation 26.

Sampling of u;.

The sampling of u; is performed by sampling from the distribution p(u; | w¢41, ..., ur, f). Sam-
pling from this conditional distribution is intractable, so we use our modified DDRM to approximate
the distribution. We denote the prediction of ug at time step ¢ as ug ;. Our DDRM method of sam-
pling wu; is as follows:

ry’ (ﬁgn’m) \ ut+17f) =

#(n,m) 7(” m) —(n,m)
f o VK
+\/1—?70t 770) op < L ——
( o VK™ ’”/ nm_ : Aam (30)
2\ T (n,m)
N((l ) T, ( )—i-nf( ) f—if nb> oy > UVE

Amm



This distribution is obtained by modifying the variational distribution from equation 27. Since ug
is unknown at time step ¢, we need to use our pre-trained diffusion model to approximate it, which
we denote as ug ;.

4. Implementation

Before using DDRM to solve the forward and inverse problems, we had to train a diffusion model on
a dataset of solutions of the Poisson equation. We replicated the method of PDE solution generation
of the 2D Poisson equation with Dirichlet boundary conditions as done in Apte et al. (2023). In this
section, we explain the dataset generation and the training of this model.

4.1. Dataset generation

To train the diffusion mode for PDE data generation, Apte et al. 2023 reported that they generated
10,000 pairs of [f, u] that satisfy Eq. 1 on a 64x64 grid on the domain (2 using a multigrid solver.
We decided to instead generate a dataset of analytical solutions so that our diffusion model would
not learn the numerical error associated with numerical solutions.

For our training dataset, we generated 38,250 samples for the diffusion model based on ana-
lytical solutions of Eq. 1. To do this we used (i) functions based on a neural network (appendix
F.1) and (ii) analytical solutions by choosing differentiable u that satisfies the boundary condition
and solving for f directly (appendix F.2). This data was used to train the diffusion model for the
generation of PDE data.

4.2. Diffusion model

We replicated the method of PDE solution generation of the 2D Poisson equation with Dirichlet
boundary conditions as done in Apte et al. (2023), by training a diffusion model by modifying the
GitHub repository by Sehwag 2022 that is based on DDIM. This model involves a forward (or
“diffusion process”) that is a Markov chain, which gradually adds Gaussian noise to the data given
by a cosine scheduler.

We note that this is a large diffusion model so it is very computationally expensive to train. We
trained our diffusion model on Compute Canada using 4 V100 GPUs for our dataset of 38,250 PDE
solution samples (see Section 4.1) and the training time was approximately 4 days.

Some of the unconditionally generated data are posted in appendix K. We compared generated
pairs of u and f (labeled “u” and “f” in figure 14) with the finite difference solution (labeled “Finite
difference solution” in figure 14) for comparison. Our MAE between the generated u(z,y) and
the finite difference solution is 4.373e-04, thus showing that the generated solutions are a good
approximation to the true solution.

5. Numerical results

We conducted our experiments on the dataset described in section 4.1 using a trained DDIM model.
Our test set is 1024 samples of neural network pairs described in appendix F.1 with seeds separate
from the training set. To ensure the reproducibility of our results, we posted our code in the supple-
mentary materials. Restoring a single batch (of 64 samples) took approximately 1 minute in a V100
GPU.

10
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We have included results from other data-driven methods for solving PDEs - PINNs Raissi et al.
(2019) and physics-informed DeepONet Lu et al. (2019). The results from PINNs were each trained
directly on the test set. They were trained in the forward problem by learning to interpolate the grid
points in u(z, y), and we compute f(x,y) by computing its Laplacian on the grid points using auto-
differentiation. They were trained in the inverse problem by setting v = 0 as the boundary condition
and adding a physics loss along the grid points of f(x,y). DeepONets were tested identically
but through the train set instead. They take either u(x,y) or f(z,y) as inputs to the branch net
depending on the problem, and coordinate (x, y) as the input to the trunk net.

5.1. Sampling f conditioned on

Our parameters are = 8e—04 and 1, = 9e—04 to ensure slow and stable incremental convergence.
We used oy, ,, = le — 6 for all n, m to ensure that the sampling of 7 can be done for any o > 1.
Our results are posted in table 1.

The DeepONet had an average MAE of 4.224e-01, which outperforms the dry forward process
conducted with our DDIM model. PINNs achieve a better MAE of 3.704e-01, even though this is
because it directly interacts with the test set.

Upon using our modified DDRM to sample f(z,y) conditioned on u(z,y), we got an MAE of
0.03215, which is a significant improvement compared to using the DDIM model without restora-
tion. For qualitative results, we posted three samples in appendix I. This, as a result, demonstrates
the practicality of DDRM in solving inverse problems in PDEs.

This method, however, does not outperform finite difference approximation that had an MAE
of 0.01663 on the test set in approximating f(x,y). This is because finite difference methods do
not assume any notion of periodicity in the dataset, unlike the DST method, thus approximating the
Laplacian in the boundary more reliably.

PINNs ‘ PI-DeepONet ‘ Dry Forward Process ‘ DDRM ‘ Finite Difference
3.704e-01 | 4.224e-01 | 5.515¢-01 | 3215¢-02 | 1.163e-02

Table 1: MAE in predicting f conditioned on u, averaged along 64 samples

5.2. Sampling u conditioned on f

Our parameters are 1) = 8¢ — 09 and 1, = 9e¢ — 09. We used 0y = le — 6 to ensure that the sampling
of ur can be done for any o > 1. Our results are posted in table 2.

Unfortunately, despite being trained on the test set itself, PINNs had an average MAE of
0.002156, which is worse than the dry inverse process conducted with our DDIM model. The Deep-
ONet had an average MAE of 3.183e-04, which outperforms the dry inverse process conducted with
our DDIM model.

Upon using our modified DDRM to sample u(x,y) conditioned on f(z,y), we got an MAE
of 1.175e-06, which is a significant improvement compared to using the DDIM model without
restoration and the DeepONet. For qualitative results, we posted three samples in appendix J. This,
as a result, demonstrates the practicality of DDRM in solving problems in PDEs. This method,
however, does not outperform finite difference approximation that had an MAE of 6.672e-07 on the
test set in approximating u(x, y).

11



PINNs ‘ Dry Inverse Process ‘ PI-DeepONet ‘ DDRM ‘ Finite Difference
2.156e-03 | 1.123¢-03 | 3.183e-04 | 1.175¢-06 |  6.672¢-07

Table 2: MAE in predicting u conditioned on f, averaged along 64 samples

6. Discussion

In this study, we replicated the methods for PDE data generation in Apte et al. 2023 with our own
generated training data set based on analytical solutions of the 2D Poisson equation (Eq.1). Indeed,
the dataset used for training is different from the dataset used in Apte et al. 2023 due to the lack
of information about the PDEs used in their study other than the size of the grid and that they used
multigrid methods to generate pairs of [ f, u]. Our approach differs in that we chose to use data that
includes differentiable u that satisfies the boundary conditions and f computed directly. Clearly,
using a different training dataset will results in a different trained diffusion model. However, our
results did show that the diffusion model was able to generate paired PDE solutions that adhere to
physics laws for certain function types, as shown in appendix K.

The diffusion model used is popular within this field and has shown success for image generation
of various types of datasets from MNIST to celebrity faces to melanoma images Sehwag (2022).
However, in our PDE data generation example we seek to generate not just 1 “image” or function
solution, but pairs of functions [f, u| that adhere to the physics of the PDE, which in this case is the
Poisson equation (Eq.1). This is what makes this approach novel and more difficult than previous
applications.

Apte et al. 2023 found that the diffusion model was able to effectively generate pairs of PDE so-
lutions for the 2D Poisson equation based on both visual and statistical analysis. They reported that
pairs of functions adhered to the underlying physics despite not including the physics into the loss
function like would be done in physics-informed neural networks Raissi et al. (2019); Blechschmidt
and Ernst (2021).

6.1. Future directions

Indeed, the Poisson equation is solvable analytically for many functions u that are differentiable.
Additionally, finite differences are a good numerical solver for the 2D Poisson equation. How-
ever, we chose to start with the Poisson equation to be able to determine a good measure for the
performance of the diffusion model and restorations by directly comparing our results with finite
differences. Indeed, more complex PDEs, such as the Navier-Stokes equation could be investigated
using similar methods.

Diffusion models are a new and very active area of research. While the diffusion models used
in our paper do not directly include physics in their training process, future work may be able to
include physics more directly in a similar approach to physics-informed neural networks Raissi et al.
(2019); Blechschmidt and Ernst (2021); Zhang (2022). We do note that diffusion models do seem
to adhere to physics after training as shown in Apte et al. 2023, but have limitations as we found
with certain types of solutions.

12
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Appendix A. Proof of proposition 1

Proof To find the eigenvalues and eigenfunctions of the Laplacian operator, we are essentially
solving the following PDE
Au = d\u 31

We use separation of parts to split u as u(z,y) = X (z)Y (y).

Au=X"@)Y(y) + X()Y"(y) = \X (2)Y (v) (32)
X// Y//
Xy * o

Here, we solve two eigenvalue problems, X” /X = A\ and Y”/Y = \g, which means A = Ay + \,.
Consider the boundary value problem for X .

X//
S AL, X(0)=X(1)=0 (34

The eigenvalue and eigenfunction pairs are trivially of the form
X, (x) = sin(nrx), A\, = —(n7)? (35)

By symmetry, we have
Y (y) = sin(mny), Ao = —(mm)? (36)

Thus, the eigenvalue and eigenfunction pairs of the Laplacian operator are of the form

Un,m (2, y) = sin(nmz) sin(mmy) (37)
Anm = —(n7r)2 — (m7r)2 (38)
|

Appendix B. Proof of theorem 2

Proof In a bounded domain 2 C R? with smooth boundary, any function u € C?(Q) satisfies

u(z,y) = / /Q B o) — (2, ) Aule, o )de'dy

/ / a/llz) / /
[l )G ) (@ )dSy

ou

- 8Q¢((x/’y/) - (xay))%($/7y/)d5x’7y', (39)

where ¢ (x,y) = %ﬁym is the Green’s function in two dimensions. We commonly refer to

the first integral as the Newtonian potential, the second integral as the double-layer potential, and
the third integral as the single-layer potential (we will use these terms in the proof of theorem 3
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in appendix C). This known result was retrieved from Gilbarg and Trudinger (1983). Given that
Au = [+ z with z ~ N(0, 0]20), the first integrand can be written as

[ @) = @ sty yas'ay
/ V(') — (z,y)) fda'dy’
//¢ 'y y') = (z,y))zda’dy’. (40)

Consequently, it follows that: E[u(x,y)] = ug where uy is the deterministic solution to Aug = f.
Furthermore, we can compute Var|[u(z,y)] = afK (z,y) where

K(.y) = / /Q (W y) — (z,9)))2de'dy 1)
[ |

Appendix C. Proof of theorem 3

Proof This proof follows from the proof of theorem 2 provided in appendix B. Consider the stochas-
tic component of equation 40.

(z,9) / V(' y) = (z,y))zd'dy’, (42)
where z ~ N(0,0%). Let us compute the discrete sine transformation (DST) of u,(x, y).
(™) // / (2, y") — (z,y))zda’dy sin(nmz) sin(mmry)drdy (43)

_ / /Q [ / [ 6 /) = () sinnma) sin(mmy)dady | sdo'dy’ @

Notice that the term in the square brackets is the DST of ¢((2/,y") — (z,)). It is also identical to
the Newtonian potential from equation 39. This is identical to computing an analytical solution for
the following PDE:
Au = sin(nz) sin(mz), u = 01in 0%, (45)
where the known solution is
1

v= _772(n2 + m2)

sin(nz) sin(mz). (46)

Plugging this into equation 39 gives:
1

T r2(n2 + m2) sin(n) sin(ma) / v((a,y) = (z,y)) sin(nma’) sin(mmy')da'dy

/ w(@,y >‘9¢<<xay'> — (@,9))dSu
oQ on

! ! a / /
B y) = (@) 5 (4 ) S - @7)
o0 n
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Due to the boundary conditions, the double-layer potential term is 0. We can compute the gradient
vector of u:

[ mmcos(nmx) sin(mmy)
Vula,y) = <m7r sin(nmz) cos(mmy) “48)
The single-layer potential is expensive to compute, but we can bound it.
ro ou, ,
’ w((l’ 7y) - (xvy))ai(x 7y)dsac’,y/| (49)
o0 n
< sup [0(() ~ @)Vl [ dSy (50)
(@'y') 0

Since 2 = [0, 1)?, S50 dSar 4y is the sum of its edges, which is 4. The maximum of Vu along the
boundary is 7 max(n,m).

Inv2 In2
'y — = y((1,1) — = == 1
s [0(asf) = ()| = [0((12) = 0.0)] = Z5= = 2 51)
Putting it all together, we get the following upper-bound
/ / 6” / /
[ () = (@) e @ 1S 52
on n
In 2
< k) mmax(n,m) - 4 (53)
47
= In 2 max(n, m), (54)

which gives us the following upper bound for the variance

Var[@; ™™ fo] = Var // // (2, y) — (z,y)) sin(nrz) sin(mwy)dmdy] zd:c'dy’]
LJJQ LS JQ
(55)
<Var //Q M\ sin(nz’) sin(ma”)| + In 2 max(n, m)] zd:c'dy’]
(56)
[ [ 1
<Var //Q _m + 1n2max(n,m)} zdx/dy/] 57)
1
= (m + In 2 max(n, m))QUJ% (58)
|

Appendix D. Proof of proposition 4

Proof This proof uses properties of Gaussian marginals. We refer the reader to Bishop (2006).
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Distribution of f(Tn ™)

We have equation 18.

D E | fo,0) = N @™, 0~ 07N ). (59)

We can assume that q(T)( ] fo,u) = ¢ )( \ f, (nm) ,a(™™)), and we know from section
2.3.1 that B

p(E"™ [T = NE™ 07 1N ). (60)

Using the property of Gaussian marginals, we can derive the following result

¢ E™ | £0) = NES™, 02,020 + 02 — 02, A2 ) = NES™ 02). (61)

n,m"'n,m

Distribution of fgn’m)

We have equation 19. Consider the condition where oy < 0y, 1 Apm.

qmm) — f(()"vm)

q(t) (ﬂn,m) | anft+1au) = N<f(n m) + V1 —n?0

: 77203) . (62)

(Tn,m)\n,m

We can similarly assume that q( )(? (n.m) | fo, fip1,u) = ¢ (£} gl ] fon ™) fﬁ"’m),*mvm)). And

we can also state that q(T)( | fo ff_ﬁ{” ),ﬁ("’m)) = q(T)( | f0 , a(™™) since
Fnm)
there is no dependence on f § 11 ™) in the distribution. We use the property that # is a

standard Gaussian. Using the property of Gaussian marginals, we can derive the following result

S o gnm) _ gom) alm) g
0 (8 1) = W (E + T e T g B h T
Un,m)\n,m Un,m)\n,m
nto? + (1= n’)o?) (63)
— N(E™,02). (64)

Next, consider the condition where oy > 0y, mAnm
q® (?inm | fo, fiv1, u) = N( (1-— nb)fén,m) + npu™™ o2 — 07217m/\,2n7n77§) (65)

Using the property that nb(f(()n’m) +um) = N(0,02,,A2, ,m), we can derive using Gaussian
marginals

q(t)( nm)‘fb):/\/’((l*%)f( ™ a4y E5™ + wtm),

0F = 02 N2 + T N ) (66)
NMW?E) (67)
|
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Appendix E. Proof of proposition 5

Proof We notify the reader that the proof of this proposition is nearly a repetition of the proof of
proposition 4 presented in Appendix D, with the only difference being the variance terms in the
forward and inverse variational distributions.

This proof uses properties of Gaussian marginals. We refer the reader to Bishop (2006).

Distribution of ﬁ(Tn m)

We have equation 26.

gD @™™ | wg, £) = NE"™ 02 — 3K "™ /22,), (68)

We can assume that ¢(” )( )| g, £) = ¢ (uy} (mm) | ﬁé"’m),f(n’m)), and we know from section
2.3.2 that

p(a{™ [ F) = M@, oK L L. (©69)
Using the property of Gaussian marginals, we can derive the following result
(@™ o) = N ("™, 0% — FR 02 L+ RN ) = N (0%
(70)
(n,m)

Distribution of u;

orV E(mm)

We have equation 27. Consider the condition where oy < %

wnm)  _(n,m
f —ué : 2 2) 1)

1 O
or\ K(n’m)/)\n’m

(n,
ur

q® ( (n, | up, ut+1,f) :N<uénm) +V1—n%04

™| anm F),
_ M@ | gl

We can similarly assume that q(T)( (n, | ug, Ugy1, f) = q(T)(

( m)

since there is no dependence on u;,’; * in the distribution. We use the property that (f Fm _

And we can also state that q f(nym))

)

ﬁ(()"’m)) /oy K™ / /\n,m> is a standard Gaussian. Using the property of Gaussian marginals,
we can derive the following result

f(n,m) _ ﬁ(n,m)

40 (ﬁi"’m) | uo) :/\/(u(()” m) +1—1n20, meo/)\mm
g
V1-1n2o
tgﬂ/;;i/Anm
n’oi +(1—n )03) o
= N (w5, 07) "
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Nwext, consider the condition where o; >

)\n,m
() oK
q" (ﬁﬁ”’m) | up, Ut+17f) - N( (1- nb)ﬁ(()mm) +mf " o7 - me?) 74

_ S2K™)
Using the property that nb(ﬁén’m) +f (n’m)) = N(0, -5z—n3), we can derive using Gaussian

marginals

q(t) <ﬁ§n,m) ’ uO) _ N( (1 _ nb) ﬁ(()n,m) + nbf(n,m) + nb(ﬁ[()n,m) +f(n,m))7

O.QK(nvm) O'2K(n7m)
of =L+ =) 75)
N (ﬁg”””), at2> (76)
m

Appendix F. Dataset solutions
We generated 38,250 samples for the diffusion model for PDE data generation of the following

types: neural network pairs and analytical pairs. Here we show some examples of these different
types of data.

F.1. Neural network pairs

To respect the Dirichlet boundary conditions, we sampled u(z, y) randomly as:

u(z,y) = gnn (2, y)z(l —2)y(1 —y), (77)

where gy is a randomly initialized neural network with three hidden layers and tanh activation
function. Clearly w satisfies the boundary conditions since when x or y is 1 or 0, v = 0. Addition-
ally, u is differentiable because of the use of the tanh activation function. We then compute f = Au
using auto-differentiation by using the aut ograd. grad function from Pyt orch. Using this, we
generated 10,000 samples in our dataset. Example neural network pairs are shown in Figures 3.
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Trueu 0.020 True f
1 0.6
0.015 04
0.8 .
0.010 0.2
0.6 . 0.0
0.005
>
-0.2
0.4 0.000 !
-0.4
02 ~0.005 _06
-0.010 -0.8
0
0 02 04 06 08 1 . . . .
X

True u True f 0.0
! 0.05
-0.2
0.8 .
0.04
0.6 X -0.4
0.03
>
0.4 . -0.6
0.02
0.2 .
0.01 -0.8
0
0 0.2 0.4 0.6 0.8 1 0.00 . . . . ~1.0
X X
True u 0.00 True f 1.0
-0.01 08
0.6
-0.02
0.4
-0.03
0.2
-0.04
0.0
0

(@)

Figure 3: Examples of neural network pairs.

F.2. Analytical pairs

To train a diffusion model to generate data for the 2D Poisson equation with homogeneous Diriclet
boundary condition (Eq. 1) we generated training data by using smooth functions u that satisfy the
boundary conditions and solving for f analytically. We created a 64 x 64 meshgrid for the domain
Q = [0, 1]? and used the analytical solution for u and f. We classified these function pairs [f, u] as
different types.

TYPE 1 ANALYTICAL PAIRS

u(z,y) = sin(nrzx) sin(kry)

21



where n, k are positive integers. We can solve u analytically to get
Viu = f = —n*(n? + k?) sin(nmz) sin(kry).

An example solution is shown in Fig. 4.

u
10 0.004
0.003
0.8
0.002
06 0.001
- 0.000
0.4 —0.001
—0.002
0.2
~0.003
—0.004
0.0
0.0 0.2 0.4 0.6 0.8 1.0
X

Figure 4: Example type 1 analytical solution with n = 3 and k = 4.

1.00

0.75

0.50

0.25

0.00

-0.25

—0.50

-0.75

-1.00

TYPE 2 ANALYTICAL PAIRS
u(z,y) = sin(nrzx) sin(kry) sin(jnzr)

for n, k, j positive integers. The analytical solution for f is given by
Viu = f = —n*(—2jn cos(jmz) cos(nmx) + (52 + k* + n?) sin(jrz) sin(nrzx)) sin(kry).

An example solution is shown in Fig. 5.

u
1.0 0.0006 1.0
0.8 0.0004 0.8
0.0002
0.6 0.6
> 0.0000 >
0.4 0.4
—0.0002
0.2 —0.0004 0.2
—0.0006
0.0 0.0
0.0 0.2 0.4 0.6 0.8 1.0 .
X

Figure 5: Example type 2 analytical solution withn = 5, k = 3, and j = 8.

1.00

0.75

0.50

0.25

0.00

—0.25

—0.50

—0.75

-1.00
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TYPE 3 ANALYTICAL PAIRS
u(x,y) = sin(nmz) sin(kmy) cos(nmx)

for n, k positive integers. The analytical solution f is given by
1
Viu=f= —§(k2 + 4n?)7? sin(2n7x) sin(kry).

An example solution is shown in Fig. 6.

u f
1.0 1.0 100
0.006 0.75
0.8 0.8
0.004 0.50
0.6 0.002 0.6 0.25
= 0.000 > 0.00
0.4 —o.00z %% ~0.25
-0.004 -0.50
0.2 0.2
—0.006 -0.75
0.0 0.0 -L.00
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 10
x x

Figure 6: Example type 3 analytical solution with n = 1 and k = 3.

TYPE 4 ANALYTICAL PAIRS
u(x,y) = sin(nmz) sin(kmy) cos(jrx)
for n, k, j positive integers. The analytical solution f is given by
Vu = f = —n%(2jn cos(nmz) sin(jrz) + (52 + k* + n?)(cos(jmz) sin(nmz)) sin(kmy).

An example solution is shown in Fig. 7.

u f
1.0 1.0 Loo
0.0002 0.75
0.8 0.8
0.50
0.0001
0.6 0.6 0.25
- 0.0000 > 0.00
0.4 0.4 025
—0.0001
~0.50
02 02
-0.0002 —0.75
0.0 0.0 -1.00
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X

Figure 7: Example type 4 analytical solution with n = 2 and k = 2.
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TYPE 5 ANALYTICAL PAIRS

u(z,y) = n(x —1)z(y — yexp(z —y)
for n positive integers. The analytical solution f is given by
Viu = f =2exp(x — y)na(y — 1)(2 +z(y — 2) +y)

An example solution is shown in Fig. 8.

u
10 0.0
0.035
0.8 -0.2
0.030
0.6 0.025 0.4
> 0.020
0.4 0.015 —0.8
0.010
0.2 -0.8
0.005
0.0 0.000 -1.0
“00 0.2 0.4 0.6 0.8 10
X X
Figure 8: Example type 5 analytical solution with n = 2.
TYPE 6 ANALYTICAL PAIRS
u(z,y) = n(z — 1)y — yexp(y — x)
for n positive integers. The analytical solution f is given by
Viu = f =2nexp(y — z)y(x — 1)(2 + x — 2y + xy).
An example solution is shown in Fig. 9.
u
10 0.0
0.035
0.8 —0.2
0.030
0.6 0.025 04
= 0.020
0.4 0.015 —0.6
0.010
0.2 —0.8
0.005
0.0 0.000 -1.0
0.0 0.2 0.4 0.6 0.8 10
X X

Figure 9: Example type 6 analytical solution with n = 8.
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Appendix G. Qualitative Results - Dry Forward Process

In this section, we estimate the parameter f(z,y) while keeping the u(x,y) channel fixed. We
tested this on different randomly generated neural network functions explained in section F.1, three
of which are plotted in figure 10.

The plots show that the DDIM produces a poor approximation of the solution to the Poisson
equation. The average MAE over 64 different test samples is 0.5515.

True u i
True u
1
0.8
0.6
>
0.4
0.2
0
0 02 04 06 08 1 -0.75
X
0.4
1 True u 0.040 DDIM f True f
0.035 0.2
08 0.030 : : 0.0
0.025 .
0.6 . - -0.2
> 0.020
0.4 . ) . -0.4
0.015
: -0.6
0.2 0.010 O. -
0 0.005 . -0.8
0 02 04 06 08 1
X

0 X . . K
0.000 -1.0

0.0

-1.0

—0.25

-0.50

Figure 10: Plots of dry generated solutions of the inverse process f(x,y) (middle), u(x,y) (left),
and the true f(x,y) (right).
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Appendix H. Qualitative results - Dry Inverse Process

We trained a DDIM on the dataset explained in section 4.1 and appendix F. In this section, we
estimate solutions to the Poisson equation u(z,y) while keeping the f(x,y) channel fixed. We
tested this on different randomly generated neural network functions explained in section F.1, three

of which are plotted in figure 11.

The plots show that the DDIM produces a good approximation of the solution to the Poisson
equation, with some additive noise. The average MAE over 64 different test samples is 0.001123.

True u 0.05
0.04
0.03
0.02
0.01
' ’ ’ 0.00

0.015 1
0.010 08
0.005 06
0.000

0.2
~0.005

—0.010

True u
1 0.005
0.8 .
0.000
0.6 .
> —0.005
0.4 .
-0.010
0.2 0.2
0 -0.015 0
0 02 04 06 08 1
X

DDIM u

DDIM u

DDIM u

True f

0.020 True f
0.015
0.010

0.6
0.005

0.010 N True f

0.0

-0.2

-0.4

-0.6

-0.8

-1.0

-0.2

-0.4

Figure 11: Plots of dry generated solutions of the forward process u(z,y) (middle), true solution

f(x,y) (left), and f(x,y) (right).
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Appendix I. Qualitative Results - DDRM Forward Process

In this section, we estimate the parameter f(x,y) while keeping the u(z,y) channel fixed using
DDRM. We tested this on different randomly generated neural network functions explained in sec-
tion F.1, three of which are plotted in figure 12.

The plots show that the DDRM produces a significantly better approximation of the solution to
the Poisson equation. The average MAE over 64 different test samples is 0.03215.

True u 1
0.005
0.000 %8
~0.005 26
-0.0100-4
-0.0150.2

. A A -0.020 0

0.040
0.035
0.030
0.025
0.020
0.015
0.010

0.005

0.000

True u
1 0.015
0.8 0.010 O
06 0.005
>
0.4 0.000
0.2 0.2
—0.005
0
0 02 04 06 08 1
X

—0.010
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Figure 12: Plots of DDRM generated solutions of the inverse process f(z,y) (middle), u(z,y)

(left), and the true f(x,y) (right).
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Appendix J. Qualitative Results - DDRM Inverse Process

In this section, we estimate the solution u(z, y) while keeping the parameter channel f(z,y) fixed
using DDRM. We tested this on different randomly generated neural network functions explained

in section F.1, three of which are plotted in figure 13.

The plots show that the DDRM produces a significantly better approximation of the solution to
the Poisson equation. The average MAE over 64 different test samples is 1.175e — 06, which is just
slightly greater than the MAE of 6.672e — 07 upon using the finite difference method.
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Figure 13: Plots of DDRM generated solutions of the forward process u(x, y) (middle), true u(z, y)

(left), and f(x,y) (right).
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DDRM FOR LAPLACE OPERATOR

Appendix K. Unconditionally Generated Data

We plotted three examples of solutions generated by our model unconditionally in figure 14. The
MAE between the generated solution u(x,y) and the finite difference solution is 4.373e-04, thus
showing that the generated solutions are a good approximation to the true solution.
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Figure 14: Plots of unconditionally generated pairs of f(x,y) (left), u(z,y) (middle), and the finite
difference solution of u(x, y) (right).
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