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Abstract

This paper introduces a Model-based Reinforcement Learning (MBRL) framework
for solving optimal control problems. We use a Satisfiability Modulo Theories
(SMT) solver and numerical simulations to verify the stability and performance of
the resulting approximate optimal controllers. Assuming a structured continuous-
time model of the system in terms of a set of bases, an infinite-horizon optimal
control problem is formulated to address a given cost functional. The structure
of the system, along with a value function parameterized in quadratic form, al-
lows an update rule for the parameters to be calculated analytically. Additionally,
the quadratic form of value suggests a compact way of updating the parameters,
reducing the computational complexity. In conjunction with a system identifica-
tion unit, we use the obtained framework as an online learning-based algorithm.
We demonstrate the asymptotic stability and optimality of the resulting control
around the equilibrium by investigating its connections with the analogous Linear
Quadratic Regulator (LQR). Finally, we compare the proposed approach with Prox-
imal Policy Optimization (PPO), Successive Galerkin Approximation (SGA), and
Adaptive Dynamic Programming (ADP), three well-known RL and optimal control
techniques. The results demonstrate the advantages of the proposed technique in
terms of computational efficiency and performance.

1 Introduction

Model-based Reinforcement Learning (MBRL) techniques outperform many other machine learning
methods in terms of data efficiency, making them suitable for demanding applications such as
robotics [9]. These techniques demonstrate optimal behavior even within the first few trials [19, 32].
In fact, learning a deterministic or probabilistic transition model for predictions saves much more
effort rather than treating any point in the state-control space individually. For these reasons, MBRL
techniques feature prominently in the continuous-time control literature [1,26,30].

Various MBRL techniques have been proposed over a period spanning decades [23]. In value
function methods such as those described in [17,20], which are also known as approximate/Adaptive
Dynamic Programming (ADP), a value function is used to construct the policy. Value methods to
address optimal control problems typically require solving the associated Hamilton-Jacobi-Bellman
(HJB) equation. However, many techniques for solving these equations suffer from the curse of
dimensionality. To overcome this difficulty, approximate dynamic programming techniques use a
model of the value to find an approximate solution [21]. These techniques use the Bellman error,
which is acquired by exploring the state space. The model parameters are iteratively estimated using
a gradient-descent or least-squares method. For example, in [16], a parametric model is used to
approximate the value function and a least-squares minimization technique is used to adjust the
parameters according to the Bellman error.
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There exist different approaches in the literature that attempt to solve the optimal control problem such
as, Successive Galerkin Approximation (SGA) [3] and ADP [14, 17,20]. Although they demonstrate
efficiency, their applicability relies on the presence of an initial stable controller to run the algorithms.
This impedes the implementations in many cases where a stabilizing control is not provided for a
region of interest within the state domain.

In [10], a new method for approximating solutions to optimal control problems for general nonlinear
systems is developed. Like many existing methods, it is underpinned by Bellman theory [5,16,21,35]
, but its formulation differs from prior approaches. Specifically, by assuming a particular structure for
the identified system dynamics and a quadratically parametrized value function, an analytical solution
to the optimal control problem is obtained. This method thereby eliminates the need to iteratively
estimate the value parameters using techniques such as gradient descent or least-squares. Moreover,
because of Additionally, a quadratic parametrization of the value function allows the parameters to be
stored in a square matrix, improving the algorithm’s computational efficiency.

Although Structured Online Learning (SOL) as presented in [10], performs well in simulations, it lacks
stability and optimality guarantees, while they are essential for real-world applications. Achieving
such provable guarantees has been the bottleneck of many Reinforcement Learning (RL) techniques.
The present paper fills in this lacuna, and in the process of doing so reveals connections with Forward-
Propagating Riccati Equation (FPRE) techniques for solving Linear Quadratic Regulator (LQR)
problems. In more detail, it can be shown that in the RL setting, the differential Riccati equation can
be solved in forward time resulting in a similar solution as LQR. This is contrasting with optimal
control which is generally a backward method requiring an exact model of the system. Using a similar
approach, we show that a stabilizing control in terms of some bases may be obtained by solving a
state-dependent Riccati equation in forward time. Additionally, to numerically determine whether the
controller thus obtained stabilizes the nonlinear system, we use an Satisfiability Modulo Theories
(SMT) solver. SMT solvers are able to provide stability guarantees for nonlinear systems with
valid Lyapunov functions, and the corresponding stabilizing controllers by converting the Lyapunov
conditions into first-order logic formulae over the state space [8,36]. We will use this reliable tool to
verify the stability of nonlinear systems with the obtained approximate optimal controllers and certify
the Lyapunov function candidates. In summary, the focus of this paper is to introduce an efficient
MBRL framework with rigorous guarantees, which entails the following contributions:

* We show that with the proposed algorithm, Global uniform exponential stability (GUES) of
the closed-loop linear systems based on the solutions of the FPRE can be obtained.

* We present the stability analysis of nonlinear systems with the learned approximate optimal
controllers using SOL, while the stability guarantees for the closed-loop systems are further
rigorously certified by an SMT solver.

» We illustrate the effectiveness and advantages of SOL with detailed comparisons for a set of
classic nonlinear systems with three existing optimal control and RL techniques.

The rest of this paper is organized as follows. In Section 2, we give the problem formulation and
summarize the approximate optimal control approach from [10]. Section 3 presents the stability
analysis and numerical verification. Section 4 develops the SOL learning algorithm. In Section 5, we
present numerical examples, make comparisons with existing methods, and draw some qualitative
conclusions about their relative performance.

Notations. We denote n-dimensional Euclidean space by R™ and a ball of radius r centered at the
origin by D,.. We further denote by |k| the absolute value of a number & and by ||z|| the 2-norm of a
vector x € R™. By % we mean the gradient of V' : IR™ — IR, and by ‘Z\—i we mean the Jacobian

matrix of & : R"™ — IRP. A diagonal square matrix A with elements a1, ..., a, on the diagonal is
shortened as A = diag([a1,...,a,]). U(a,b) represents a uniform distribution with the bounds a
and b.

2 Approximate Optimal Control

In this section, we formulate the problem and summarize the approach presented in [10].
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2.1 Problem Formulation

We consider the nonlinear affine system
&= f(x) +g(x)u, (M

where v € D C IR" and u € 2 C IR™ are respectively the state and the control input. We have
f:D—R"and g: D — IR™™™ and we assume that the functions f; and g; can be approximated
on the domain of interest by a linear combination of some basis functions ¢; € C' : D — IR for

j=1,2,...,pand i = 1,2,...,n. Substituting these approximations, (1) becomes
b=Wo+ Y W;du, ©)
j=1

where W and W; € IR™*? are matrices of coefficients, with subscript W; corresponding to the jth
control input. The bases are chosen so that constant and linear elements comprise the first two rows,

forexample, ® =[1 x1... @, @nta(T)... (bp(x)]T.

We wish to minimize the cost function
T
J(t,zp,u) = lim e (ITQLE + uTRu) dt, 3)
T—oo Jo

along the solution through zo = x(0) where Q € IR™*" positive definite, v > 0 a discount factor,
and R € IR"*™ a diagonal matrix with only positive values are chosen by design criteria. When
~ > 0, this defines a discounted optimal control problem. Discounted optimal control problems are
widely used in reinforcement learning to determine the time horizon considered for minimizing the
objective [20]; see for example the discussion given in [11,24].

For feedback control u = w(x(t)),t € [0,00), the optimal control is given by w* =
arg miny,(.yer(ao) J (t, To, u(-)) where I' is the set of admissible controls.
Without loss of generality, we express the cost (3) in terms of ® as

T
J(t,zo,u) = lim e 7" (@7 Q® + u" Ru) dt 4)

T—00 0
where Q = diag (0, Q, 0(p—n—1)x (p—n—1)) is a block diagonal matrix.
The optimal cost to go from (¢, z) is defined to be V (¢, ) := miny 71 J(t, 2, u), where ult, T is
the policy on time interval [¢, T']. Then, by the Hamiltonian

H=uv(t,z,u) + QV(t, o) (W + > W;duy)

Ox =
the corresponding HIB equation can be written as
o -
——V(t,xz) = min H 5)

ot w(-)E€T(z0)

where v(t,x,u) is the running cost in (4). Section 5.1.3 of [22] contains more detail. Analytical
solutions to this equation are not known, but [4, 20, 25] have shown that approximate solutions can be
computed by numerical techniques.

2.2 Approximate Solution

We follow [10] in presenting an analytical method. For the discounted problem, we assume that

the discounted optimal value takes the form V(t7 x) = e "'V where V is the undiscounted optimal
value. Now, we use the following approximation

V ~ T P(t)® (6)

where P(t) is a symmetric matrix of time-varying parameters that captures the evolution of the
learned value parameters over time. We refer to this matrix by P.
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Remark 1 This approximation is justified since V is positive definite. We can write V as an inner
product V.= (v,v) for some v : D — IRP*, where p; is a positive integer, with a trivial choice

given by v = V2. We now consider an approximation v =~ k,®, where ki € IRP**P. This yields
V= (v,v) = (k1®,k1®) = ®Tk{ k1 ® = ®T P®, where P is symmetric.

With this approximation, the Hamiltonian /' becomes
H =" (®7Q® + u” Ru)

oP i i 07T
—vt®xT —~t T T TxRT T
+e P Pax<W<I>+§ :qu>uj>+e g <<1> 1474 +§ :uj@ Wj)ax P®.

=1 =1

Based on the structure of R, the quadratic term of w is rewritten in terms of its components, where
r; # 0 is the jth component on the diagonal of R. The minimum of the Hamiltonian occurs at

oH oL
S = 2rju; +2<I>TPa—ij<I>:O, j=1,2,...,m, )
J
so the jth optimal control is
o
wl = —q>Tr;1Pa—ijq>. ®)

By substituting the above and the value function in (5), we obtain

—®TPD 4+ ~dT PO = dT QD+

AP [ 0T oP e’
—oTp— W.or1eTWwr | =—= Pd+dTP—Wo+ "W P®d, 9
Ox <; i 7 ) ox i Ox + Ox > ©)
where
. 9P oeT AP [ opT
—-P= P—wW+Wl'— p—~yP—-P— w.orteTwT == P 10
@+ oz " oz 7 ax(; 3% 7 ) 0z (19)

is a sufficient condition for relation (9) to hold.

The differential equation (10) is propagated in the forward direction similar to [27] by changing
— P on the left-hand side to P. This allows the estimate of the system to be updated on the fly in
an MBRL framework. Moreover, because of the general case considered in obtaining (10) where ®
includes arbitrary nonlinear basis functions of the state, state dependency seems inevitable unlike
standard Differential Riccati Equation (DRE) for linear systems. Hence, (10) is solved along solution
trajectories.

Remark 2 This section presented the control technique for given W and W;. However, in the
implementations, an estimation of these weights will be used, which is discussed later including the
learning algorithm. Further discussions are given in the appendix section C.

3 Stability and Optimality Analysis

In this section, we analyze the stability of the proposed method and make connections with FPRE
for linear systems [27,33]. To do this, we formulate the LQR problem for the linearization of (2).
We then show that when close to the origin, the integration of (10) becomes similar to the forward
propagated solution of the linearized system.

We begin with some conditions on (2). We assume the origin is an equilibrium point. Accordingly,
we construct the bases ® = [I 27 T'(z)7]7, where I includes the rest of the bases which are
nonlinear. Then the system (2) may be written as

1
I(x)

1
+ [le Wj2 ng] [ x ] U. (11)
I'(x)
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3.1 Linear case

Defining I'; = ar(x) |z=0, the linearization of (11) at an equilibrium point is

&= Ax+_ Bju; (12)
j=1

where A = Wy + W3I'y , and B; = W;,.
Now consider the LQR problem with quadratic cost (3) and vy = 0 for the linearized system (12). The

optimal control is u = —r;lBTS'x, where S is the solution of the algebraic Riccati equation
Q+SA+A"S -S> " B;r;'BJ)S =0. (13)
j=1

Alternatively, we may consider the forward solution of the differential Riccati equation

u; = —r;lBjTSx,
S=Q+SA+ATS -S> Byr;'Bl)'S. (14)
j=1
where we update the feedback controller with the solution S(¢) at any ¢ € [0, co0). Substituting A and
B;, we arrive at

uj; = —’I“]-_IWJ‘{SZ‘, (15)

S=Q+S(Wy+Wsl'y) + (Wi +TTWF)S = SO W' W;T)s. (16)
j=1

In the following lemma we establish the stability of the method. It strengthens the asymptotic
convergence of Theorems 1 and 4 in [27] to global uniform exponential stability under slightly
weaker assumptions.

Lemma 1 Assume that (A, B) is stabilizable and Q) is positive definite. Consider system (12) with
control (14), where S(t) is the positive semi-definite solution of the FPRE (14) with S(0) > 0 for all
t € [0, 00). The origin of the closed-loop system is Globally Uniformly Exponentially Stable (GUES).

Proof. See appendix.

3.2 General case

For a known system in the form of (11), the optimal control is given by (8) and the value is updated
by the evolution of the parameters in (10). The following theorem establishes the stability of the
closed-loop system.

Theorem 3.1 Assume that the system (2) with (3) is locally controllable and observable. Suppose
that x remains close to the origin and solutions of (10) remain bounded. Then, there exists some
r1 > 0 such that the solution P(t) of (10) starting from P(0) = 0 establishes an asymptotically
stable controller for all xo € D,,. Moreover, as x — 0, also by choosing v — 0, the feedback
control rule converges to the LOR control of the linearized system given by (13).

Proof. See appendix.

Next, we present an online learning algorithm based on the proposed optimal control framework.

3.3 Stability guarantees with the SMT solver

The stability of equilibrium points of the nonlinear system (1) can be guaranteed by the Lyapunov
stability theorem, which is given below.
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Theorem 3.2 (Lyapunov Stability Theorem) Consider the nonlinear control-affine system (1) and
assume the origin is an equilibrium point. Let V (x) be a continuously differentiable and positive
definite function with negative definite Lie derivative defined on D satisfying

V(0)=0and V(z) > 0 forall x € D withx # 0, (17)
v
- Oz

Then the origin is asymptotically stable.

V(z) (f(x) +g(xz)u) < 0forall x # 0 and for all admissible control inputs. ~ (18)

We known that the level sets of the Lyapunov function V' provide an estimate of the Region of
Attraction (ROA) of the equilibrium point.

Lemma 2 (ROA estimate with Lyapunov Functions) Suppose that V' satisfies the conditions of
Theorem 3.2. Defining

Vei={z eD|V(z) <c},
we have V¢ a ROA for (1) for every ¢ > 0.

Here, the value function in (6) serves as a Lyapunov function candidate with the approximate optimal
control (8). In order to use SMT solvers to check the validity of the candidates, we follow [8] in
writing the Lyapunov conditions in Theorem 3.2 as falsification constraints in the form of first-order
logic formula over reals as follows. We write

O () := <i x> 5) A (V(az) <0VV(z)> 0) , (19)

where € is a numerical error parameter introduced to control numerical sensitivity around the origin.
SMT solvers typically return UNSATwhen there are no violations of the negation of the Lyapunov
conditions on the state space, or counterexamples that satisfy the constraints. If it returns UNSAT for a
given candidate, then the candidate is certified as a Lyapunov function which may be used to estimate
the ROA.

4 MBRL Algorithm

By considering the nonlinear input affine system in terms of some bases as in (2), the state-dependent
matrix differential equation (10) is exploited to establish a nonlinear feedback control. We develop
this line of thinking into an MBRL algorithm, whose specification comprises this section.

In the appendix C, we review the components involved in the implementation of the algorithm that
includes the control and the model update units. Accordingly, we present the learning algorithm as in
Algorithm 1.

Algorithm 1
1: P(O) — Opxp
2: W and Wj < Small random values
3: for k=0,1,... do
: acquire samples (&, x, u) at ¢y

4
5: evaluate ® and %

6: update W and Wj using (39)

7: update P by integrating (10) for some time length T
8: update control u using (8)
9: end for

Algorithm 1 may be understood as a continuous-time variant of the generalized policy algorithm [21]
by integrating (10) at each step k for some time length 7. Accordingly, Step 7 can be interpreted as
the Value Update step as it directly results in the updated value. Then, the Policy Improvement step is
given by Step 8. One can choose T}y considerably large so that the value converges at each iteration.
The case t — oo results in the Policy Iteration (PI) algorithm.
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Remark 3 Considering that an identified model is employed, asymptotic convergence to the origin
may not be possible due to the uncertainty in the model. However, this can be circumvented by
employing robust techniques such as [28, 34]. In the appendix section B, we integrated a robust
component with the presented learning approach that guarantees asymptotic convergence.

5 Experiments

To illustrate the effectiveness of the algorithm, we apply the Algorithm 1 to a linear system and
several benchmark examples including the pendulum, cartpole, and quadrotor systems. The dynamics
and settings of simulations can be found in the supplementary material. Furthermore, we give some
qualitative comparisons with a set of classic RL and optimal control approaches. In addition, we
validate the stability and estimate the ROAs of the nonlinear systems with the obtained controllers
with the SMT solver, dReal [12], which handles nonlinear real arithmetic to verify the validity of the
Lyapunov functions.

5.1 Comparison and consistency with LQR

As mentioned in Section 3, SOL yields the same results LQR for linear systems and on a small
region around the equilibrium point for nonlinear systems where the linearization is valid. In this
example, we investigate the convergence of the SOL algorithm to the optimal control for an unknown
linear system to show the consistency. The optimal control is given by the solution of the associated
Algebraic Riccati Equation (ARE). We compare this with the value parameters P obtained by SOL,
where the chosen basis includes only constant and linear terms, i.e. ® = [1 7. Figure 1b shows
that solutions of (10) converge to the parameters given by LQR. Likewise, Figure 1a shows the
constant linear feedback gain obtained by SOL converging to the optimal LQR gain.

1.50 —— Learned
LQR Gain 3

—— Value Parameters
LQR Solution
1.25

Value Parameters

——

Feedback Gain

0 2 4 6 8 10 0 2 4 6 8 10
t (sec)

(a) (b)

Figure 1: (a). For the linear system, we illustrate that the feedback gain given by the proposed
algorithm asymptotically converges to the optimal gain given by LQR shown in Figure 1b.

(b). The components of P converge to the LQR solution. Accordingly, it is evident that by running
SOL algorithm on the linear system the parameters of the value converge to the LQR solution.

5.2 Existing RL and optimal control methods for comparison

Before presenting the main results and comparisons, we give brief summaries of the Proximal Policy
Optimization (PPO), SGA, and ADP methods used for subsequent comparisons.

PPO is a model-free actor-critic algorithm introduced by [29]. It uses an actor-network 7y (a|s)
that takes the state s as an input and outputs a distribution over actions a, and a value network
Vs(s) that takes the state s as an input and outputs the expected return. The policy is trained at
every episode by solving argmax, E[min(rg(a|s) A(s, a), clip(re(a|s), 1 — €, 1+ €) A(s, a))], where

] (a|s) = 47":;,(;1(';\)8)
ratio r¢(als) to ensure steady updates. We use the implementation by [2] and train the PPO algorithm

on the three environments using Kaggle CPUs. To ensure the reproducibility of our results, we record

is the ratio term, and A(s, a) is the advantage term. It effectively constrains the
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our hyperparameters in Appendix E. The actor network is a neural network with one hidden layer of
size 64 to aid in verification. PPO is trained on each environment for 5 seeds for one million time
steps each. The additive inverse of the LQR cost function is used as the reward function.

SGA is a method for solving optimal control problems based on policy iteration introduced in [3].
Like other policy iteration algorithms, SGA generates sequences of controllers u; and Lyapunov
functions V; by computing the latter as the solution to a certain PDE (called the Generalized HJB or
GHIJB in [3]) and then using it to update the former. This process is detailed on page 27 of [3]. SGA
approximates the solution of the GHJB on a certain domain using a Galerkin finite element method
and associated weak formulation to obtain the optimal controllers and corresponding Lyapunov
functions at the same time.

The last one is the off-policy semi-global variant of ADP described in Chapter 3 of [14]. Given some
initial control policy ug that keeps solutions bounded, this method observes solution trajectories of
the system under the input u = ug + e where e is some noise included for the purpose of exploration.
Once enough data are collected, the control is iteratively improved using these data in place of the
system dynamics f(x) and g(z), so that the method is model-free. When certain conditions are
satisfied, this process generates a sequence u; of controls (and their corresponding value functions
V) that converges to the optimal control. A summary of this algorithm given on page 42 of [14].

5.3 Inverted Pendulum

Firstly, we run our algorithm and the aforementioned three algorithms on a well-known nonlinear
system, the inverted pendulum. For SGA, the V; are approximated using a basis consisting of
polynomials of even degree. Initial control ug = (z1 — 19.6 sin(x;))/40; is selected. The domain of
approximation is {(z1, z2) : |z1] < 3, |x2| < 10} and the order of the basis is eight. For ADP, we
implement this method for the pendulum example. Polynomials of degrees two and four are used as
basis functions for V;, while their derivatives comprise the basis functions for u;. The initial control
must be in the span of the basis, so ug = —x1 is selected. The exploration noise e consists of six
superimposed sinusoids of different frequencies. The comparison of the key parameters of the four
methods under discussion can be found in Table 1. The runtime is the average time taken for the
model to perform a single evaluation and update.

For runtime, SOL is the fastest by far, and SGA is extremely slow. For training time, this table shows
that SGA takes much longer than PPO, which in turn takes longer than SOL and ADP, which are very
comparable. SOL uses weighted basis functions to return a controller, which requires significantly
fewer parameters compared to actor and critic networks in PPO. In contrast, SGA requires symbolic
computation, which are cumbersome when the dimension of the system or basis is high. In fact,
the present examples are not far from the limit of practical feasibility for this algorithm, as it is
presented in [3]. ADP makes use of off-policy learning, where all observation of system trajectories
is completed first, and the same observations are used to compute all subsequent values and control
iterates. This reduces the cost associated with simulation. To further illustrate it, Fig. 2a shows that
the the controllers obtained via SGA, ADP, and SOL have very similar performance on average over
100 trajectories, while PPO has a mean control cost of approximately 0.06 due to its model-free
nature, which leads to the lack of stability guarantees in LQR optimal control tasks. Although the
former is model-free and the latter is model-based, both ADP and SGA require an initial stabilizing
control to be known, and the selection of this control and other things such as the exploration noise
can have a significant impact on the convergence of the algorithm. In contrast, SOL requires far fewer
specifications to be made in advance.

Moreover, Fig. 2b shows the comparison among the ROA estimates obtained with the four dif-
ferent methods. Here, we use the SMT sovler to verify the obatined Lyapunov functions on the
aforementioned domain with § = 0.01. For PPO, we use the algorithm proposed in [8] to learn a
neural Lyapunov function, since it only returns a optimal controller as model-free RL algorithm. As
illustrated, SOL returns the largest ROA estimate on the domain, while ADP can only return a valid
Lyapunv function on a small region, which leads to a relatively small ROA estimate. Furthermore,
PPO does not take the dynamics into consideration when solving the optimal control problem, leading
to a peculiar shape. In summary, SOL clearly outperforms PPO and produces a controller with very
similar performance to SGA and ADP but with shorter training and runtimes, and requiring less a
priori inputs, and SOL captures the largest ROA estimate.
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Figure 2: (a) Control cost curves for each algorithm on the inverted pendulum environment averaged
over 100 trajectories. The shaded area indicates one standard deviation. Initial conditions are sampled
from U(—1,1). (b) Comparison of ROA estimates of each algorithm for the inverted pendulum.

Environment Method | Avg control cost Runtime (s) Training time
SOL 0.0158 0.003 2.4 sec
Inverted Pendulum PPO 0.0811 0.618 24 min
verted Fendulu SGA 0.0163 21.966 220 sec
ADP 0.0165 0.127 2.6 sec

Table 1: Comparison of performance of the four methods for the inverted pendulum

5.4 Cartpole and Quadrotor

In this subsection, we consider the other two typical nonlinear control problems, Cartpole and
Quadrotor for comparison with PPO. The detailed comparison can be found in Table 2. In a similar
manner, these two examples also show that SOL outperforms PPO in training time, runtime, and
control costs. The detailed visualized comparison can be found in the supplementary material, as it
has been omitted from the main text due to page limitations.

Environment || Method | Avg control cost Runtime (s) Training time
Cartpole SOL 0.0815 0.002 4.7 sec
P PPO 1094.056 0.597 28 min
Quadrotor SOL 33.986 0.010 61.4 sec
PPO 1207.293 0.951 1 hr 20 min

Table 2: Comparison of performance of SOL and PPO for Cartpole and Quadrotor

6 Conclusion

This paper proposes an optimal control framework in conjunction with a system identification
technique, which can be used as an online learning-based algorithm for nonlinear control-affine
systems. We also demonstrate the asymptotic stability and optimality of the resulting control around
the equilibrium by investigating its connections with the analogous LQR, while the stability guarantees
for the nonlinear system are further certified by an SMT solver. Finally, comparisons are made among
the proposed approach and other well-known RL and optimal control techniques, including LQR,
PPO, SGA, and ADP. The results demonstrate the advantages of the proposed technique in terms of
computational efficiency, performance, and the fact that no initially stable controllers are needed.
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A Appendix: Proofs and Lemmas

Proof. (Lemma 1) Note that Q > 0 implies (A, Q) is observable (and hence detectable). According
to [7,27], S(t) converges to the unique stabilizing solution S of the ARE. It can be proved by the
Lyapunov test for observability (see, e.g., [13, Theorem 15.10]) that S > 0. Consider the Lyapunov
function

V(z) = 27 Sx.
Let G = BR™'BT. Clearly, G is a constant symmetric matrix and G > 0. Furthermore, S(t) is
also symmetric. We have

V(z)=2TS(A - GS(t)x+ 2T S(AT — S(t)G)Sz
=" [SA+ ATS - SGS(t) — S(t)GS] x
=27 [SA+ ATS+Q - SGS - Q + SGS — SGS(t) — SH)GS] x
=27 [-Q — SGS +25GS - SGS(t) — S(t)GS] x

—2(Q - E(t))z,

where E(t) = 25GS — SGS(t) — S(t)GS and we used the ARE (13) satisfied by S to obtain the last
equality and SGS > 0 to obtain the inequality. Since S(t) — S ast — oo [27], we have E(t) — 0
as t — oo. This can be seen by taking the limit in E(t) = SG(S — S(t))+ (S — S(t))GS ast — 0.
There exists some T > 0 and a positive constant i such that Q(t) — E(t) — pl > 0. It follows that

IN

Viz) < —plzl?, Vt>T, Vo e R™ (20)
Now, we can show that there exists some k > 0 and ¢ > 0 such that
lz(®)]] < Ella(T)|le="), ¢ >T. @1)

By continuity and the fact that S(t) — S as t — oo, S(t) is bounded on [0, 00). It follows from the
closed-loop system that there exist constants C > 0 and M > 0 such that

lz (@)l < Mllzole”", ¢ >0, (22)
where xo = x(0). Indeed, a simple comparison argument suffices to show this. We have

d

ZUe@®] = 227 (#)(A - BRT'BTS(1))x(t)
< 20|z (1)1%,

where such a constant C > 0 exists because S(t) is bounded on [0, c0), which implies (22) with
M = 1. On the interval [0, T], we can rewrite (22) as

lz()]] < Mel“F|zolle=!
< MeCFIT ||zl e~, vt € [0,]. (23)
Fort > T, rewrite (21) as
lz(@)]] < ke [la(T)|le™

< kMeCHIT | golle™, Vit > T, (24)
where we used x(T) < M||xo||eCT from (22). Combining (23) and (24) gives
lz(@®)] < Kllzolle™", vt >0, (25)

where K = kMe(CtIT (note that k > 1 for (21) to hold). This verifies that the origin is GUES for
the closed-loop system.

Proof. (Theorem 3.1) Consider a ball of radius r around the origin containing the solutions. We will
show that the dominating part of the control obtained by solving (10) is equivalent to the LOR control
given by (16). For this purpose, we first consider the Taylor expansion of bases in (11) and its partial
derivatives as below,

1 0
P = z ,and 6—(1) = 1 ] , (26)
Iz + O(a?) 9z | 4 O(x)

12
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426
427

428
429

430
431
432
433

where O(z®) denotes higher order terms x{'x5* ...x2" in appropriate dimensions with o =
Z?:l «;, and non-negative integers c; . Moreover, Q) and P are structured matrices including

rectangular blocks of appropriate dimensions as below,

0 0 0 P P P
Q=10 Q 0|,and P=|Py P, Ps
0 0 0 pr P pg

By substituting Q, P in (10), it is easy to investigate that starting from the initial condition P(0) = 0,
any term in the equations of Py, P, and Ps will depend on Py, Ps, or Ps as below

P =-PK\K'P — Pty K\KTPF — P KT P — Py K KT PY
Py = PyWy + PsTy Wy — K KPPy — BT K KT Py — P K KT PT — PsTy K KT PY,
Py = P,Ws + PsT'\W3 — P,K KT Py — PsT K KT Py — PK | KT Py — PsT K KT P,

where K1 = W;, + W;,x + W;,T'ix. This choice of the initial condition is justified by the fact
that no initial controller is assumed in this framework. Therefore, considering the zero derivatives
and the zero initial conditions, we can conclude that solutions Py, Ps, and Ps will stay at zeros,
P, P . .
and the matrix P will only grow on the block [ P4T PS} Therefore, for brevity, we will follow the
5 6

computations only for this block as long as this simplification does not cause ambiguity. Now, let us
take one step back and start with

. _ By T
®(z)T PO =dTQd + @TP(Z—Wd) + @TWTZE P®
X xr

@T
— @TP@Wj@r;l@TWJTg— PO — 3T PO, 27)
X

which is given by (9) reversed in time to obtain the equation in forward time. For the non-zero block
of Py, Ps, and Pg with the corresponding bases, the left-hand side can be rewritten as

1 o o o 1
T 0 P4 P5 T
iz + O(2?) 0 PT Ps| |Tiz+O0(z?)
1 170 0 0 1
=| =z 0 Py+TITPY + BTy + TRy, Ps+T7TP z |, (28)
O(z?*)| |o PT + Py Ps O(z?)

where we shifted the linear term in the third entry of the bases to the second. In the next step, we will
consider the following change of variables throughout the matrix differential equation:

Zy =Py +T{PL + PsTy + T BTy,

Zy = Ps +T7TP;,

Z3 = Pg. (29)
For this reason we apply the same modification of bases to all the terms in the right hand side of
(27). The modification will not affect the first term since Q) is zero everywhere except in the block
corresponding to the second basis, that remained unchanged. Then, let us consider the second term

in the right hand side that becomes
- 1T

2% 1 0 0 o0 0 1
TP—Wao = z 0 P, DPs I 0 Wy W] x
Oz Tz +0@?)]| |0 PF Ps| [I1+0(@) Tiz+0(a?)
1 170 0 o 1
= €T 0 Tl Tg xT
_le + O(zQ)_ 0 T3 T4 [Tiz+ O(2?)
1770 0 o 1
= T 0 1‘1 I\g T s (30)
_O((E2) 0 Tg T4 O(LL'Q)




434 where

T, = PyWy 4 PsTy Wy + PsO(x)Wo, Yo = PyWs + PsTyWs + PsO(z)Ws,
Y3 = PYWy 4 PsTiWa + PsO(2)Wa, Yy = PIWs + PsTyWs + PsO(a)Ws,
Y1 = Z1(Wa + W3Ty) 4+ Zo0(x)(Wa + W3ly), Yo = Z1W3 + Z20(x)Ws,
Y3 = Z3 (Wo + WiTy) + Z30(x)(Wo + Waly), Y4 = Z3Ws + Z30(x)Ws,

435 and we used (29) to get

PyWy + PsT Wy + PyWsTy + PsTyWsT
+TTPIW, + TT Py Wy + TT PIW3T + TT Py WiT
= (Py +TTPY + PsTy + TT PsTy) (Wo + Wily)
= Z1(Wa + WsI'),
PsO(x)Wy + PsO(z)W3Ty +T'T PeO(2)Wo + T PsO(2) W3
= Z,0(z)(Wy + WaT'y),
PyW3 + PsT W3 + PsO(2)Ws + TT PTWy + TT P W3 + T PsO(2) W3
= (Py + PsTy + TTPIYW3 + (Ps + T Ps)O(2)W5 + TT Py W3
= (2 =TT ZsT1) W5 + Zo0(2)Ws + T ZsT Wi
= Z1Ws + Z20(x) W3,
PIWy + PsT'yWo + PsO(x)Wo + PTW3T 4 PsTy W3l 4 PsO(x)WsTy
= (PT + PsTy)(Wo + W3Ty) + PsO(z) (W + WaT'y)
= Z3(Wa + W3T1) + Z30(x) (W + Wal'y),
PIW3 + PsT1Ws + PsO(2)Ws
= ZTWs + Z30(x)Ws.

436 Furthermore, for the last term in the right-hand side of (27), the followings hold.

OB & _ odT
@(m)TP%Z(W]@rj 1<I>TW]-T)% P®
j=1
1 “To o o 0
= xr 0 P4 P5 1
Iz + O(z?) 0 P Ps| 1 +0(x)

T

j=1 Nz+0 riz+0
Wi, o 1"fo 0o o 1
[WjQ] ) 1 0 P4 P5 X
st I'y + O(l‘) 0 P5T Py Iz + O(J?z)
1 To 0 0 0
= €T 0 P4 P5 1 QQ
iz +0(%)| |0 Pf Ps| [I1+0(2)
0 TTo o o 1
1 0 P4 P5 x
1 T 0 0
= x Py+ Ps'y | + P50(.73) )QQ
Iz + O(z?) PI + Py PsO(x)

14



0 0
( P4+P5F1 P5O($
P5T+P6].—‘1 Ps;O(x Fll‘—f—O( )
1 "o o o 1
= X 0 Qg Q4 X
iz + O(x?) 0 QF Q5| |Tiz+ O(2?)
1 “To o o 1
+ T 0 QG Q7 T
iz + O(z?) 0 QF Qg| |Tiz+0(2?)
1 7770 0o o0 1 1 1770 0o o0 1
=| = 0 Q3 r |+ =z 0 Q¢ Q7 r |,
O(x?) 0 QF Q5| |O(=?) O(x?) 0 QF Qg| |O(z?)

3D

437 where 25 to Qg are defined as

m 1 1 T le T
-3 W wa | ||
Fl.’L‘ 1"1:5 Wj3
m ) 1 QZ‘T J?TF? le T
:er_ Wiy Wiy Wil | zx’ 22 TT Wi,
le lexT lexTFflf Wj3

1

J

(W, W,;T + Wi, aW; T + W, TiaW, ] +

'MS

1
W 2T W3 + Wiza "W, E + Wy Tz Wl +
Wi 2" TTW, L 4+ Wiyaa " TTW, 5 + W, Tz " TT W, 1 )r
= (Py+ PsT1)Qo(Py + TT P,
(P4 + PsT1)Q2(Ps + T Pp),
= (P + PsT1)Q(Ps +TT P,
= (P4 + PsT1)Q0(2) PT + PsO(x)Q(Py + TTPY) + PsO(2?) PT,
(
(

J

Q7 == P4 + P5F1)QQO( )Pﬁ + P50<.’I,‘)QQ(P5 + F{Pﬁ) + P5O<.’I,‘2>P6,
Qg = (PL + PsT1)Q20(2) Ps + PsO(2)Qu(Ps + T Ps) + PsO(x?) Ps

Moreover, Qs to Qs, are their analogous blocks after modifying the bases, where they can also be
rewritten in terms of the new variables defined in (29) as below

Q3 = (Po+TTPT + BTy 4+ TT R0,
(Py +TTPT + PsTy +TT PsTy)T

438
439

= Zle1Wj?Z1’
Qs = (P + PsTy + TTPY 4 TT PsT 1) (Ps + TT P)
:Z1W W Z27

Qs = Q5 = 71 lewjfZQ,
Qs = Qs +TTOL + Q.1 +TTOsT
= (Py+ PsTy +TT P + TT PsT1)Q20(2) PY
+ (Ps + TT Ps)O(2)Q0a (P, + TT PT)

15



4+ (Py+ PsTy +TTPY + TT P )Q0(2) PTy
+ (P5 + T Ps)O(2)Qa(P5 + '] Po)l'y
+ (Ps + TTPs)O(2®)PY + (Ps + T Ps)O(2?) PsT'y
= (Py+ PsTy +TTPF + TTPsT1)Q00(2) (PT + PeTy)
+ (P5 +T] P5)O()Q(Py + TT P + PsTy + T PT'y)
+ (Ps + TTPs)O(2?)(PT + PsTy)
= Z100(2) Z + Z,0(x)Q0 7y + Z2,0(z*) 2T,
Q7 = QO +TTQg = Z:9,0(2) Z3 + Z20(2)Q0.Z + Zo0(x?) Z3,
Qs = Qg = Z100(2) Z3 + Z30(2)Q9 25 + Z30(2*) Zs.
440 To derive these equations we also used the fact that the constant term will dominate in Qo as x — 0.

441 Hence, wegetﬂgﬁzj 1 ]_1W WT

442 By substituting (28), (30), and (31) in (27), one can obtain
Z =Q + Zl(Wg +WsTy) + (Ws +TTW 2,

— 71 Z i1 j Z1 + ZQO(CL‘)(WQ + W3F1)
- 721 + (W + WsT')TO(2) 2T — 2:9:,0(2)ZT — Z,0(2)Q2y — Z,0(z*) ZT, (32)
Zy =Z1Ws + (Wa + Wal'1) T Zy — Zl(z Wy ' WiT)Zs
Jj=1

—Zs + Z0(x)W3 +
- Zlggo(l‘)Z;g - Z2

Wo + W3I')"O(z) Z5
I)QQZQ - ZQO(ZZEZ)Zg, (33)

/\A

J1'g

Zy =73 Wa + Wi Zy — Zo(Y  Wyyry ' WiT) 2y
j=1
— v Z3 + Z30(x)Ws + Wi O(2)ZT — ZT0,0(2) Z3 — Z30(2)Q2Zo — Z30(2%) Zs.
(34)

443 Moreover, for the optimal control (8) takes the following form,

o1 1" o o o0 0 1
U;k = — T 7’;1 0 P4 P5 I [le VVJ‘2 st} T
iz + O(2?) 0 PI Ps| [T1+O(x) iz + O(2?)
o1 7 0 1
=— T rit | Pt BTy | Wy Wy, Wiy z
iz + O(x?) PI + Pl iz + O(2?)

= —r; @l (Py+ PsTy + T P 4+ TT Bl (W + Wyym + WisThz) + O(2?)
= —r; 2" (Py+ PsTy + T P 4+ T BsL)W;, — ;e (Py + PsTy 4+ T P + T Belhy)
(szx + Wj3F1:v) + O(.’ES)

= —r; 2" Z,W;, + Hi1(Z1)0(2?), (35)
444 By substituting the control in the system, we obtain the closed-loop system as
1 m 1
T = [0 Ws Wg] x + Z [le Wj2 st] x Uj
Iz + O(2?) j=1 [z + O(2?)
(W2+W3F1 I+O +Z i1 + W Wj3F1I+O($2))Uj

Jj=1
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467

468

470
471

= (A—GZl +H2(Zl)0($))$7 (36)

where the linear term will dominate as x € D. It should be noted that, among the solutions of (32) to
(34), only Z1 (t) is directly effective in the control. Equation (32) can be summarized as

=Q+Z1A+ATZ) - Z,(>_ By, ' BjT)Z1 — vZ1 + O(z)Hs(Zh ) (37)
j=1

where we used Hs to lump together the terms related to Z, and Z. Equation (37) resembles the
Riccati equation for the linearized system (12) with higher-order terms of x and the discounting term.

Now, suppose that a trajectory stays near the origin, i.e. ||x(t)| is small, and ~ is set to be small.
Then, —vZy + O(x)H3(Z1,2) can be made arbitrarily small within some radius vy > 0 from the
origin. Moreover, regarding that the equation without these extra terms exponentially converges to
the ARE solution [27], Z1 can be kept close to the solution of (14) with the bounded extra terms,
where the distance clearly depends on 1 and . Let us define Ss = Zy — S where ||Ss|| < 6,

Next, we demonstrate that the obtained control is also stabilizing for the nonlinear closed-loop system
(36). It is easy to verify that, r1 > 0 can be chosen small enough so that the nonlinear closed-loop
system (36) is also asymptotically stable by employing the Lyapunov function V|, = xT Sx as below

V1 =378z + 27 8%
— 2T (A= GZ + Hy(21)0(x))" Sa+
z"S(A - GZy + Hy(21)O(2))x

=a2" (ATS+ SA - Z:GS — SGZ; + H5(21)O(2))x

=a2T (ATS + SA — (S + S5)GS — SG(S + Ss) + H2(Z1)O(2))x

=27 (—Q + SGS — SGS — SGS — S;GS — SGSs + H2(Z1)0())x

—z"(Q2 + Er (1)),

where we defined Ho(Z1) to collect all higher order terms and we used (13) and E (t) = SsGS +
SGSs — Ho(Z1)O(x))x in the derivations. It is evident that Q2 = Q — SGS + SGS + SGS isa

positive definite matrix since S — S, Q > 0 and SGS > 0. Now, D,., can be considered such that

Q2 dominates, and this results in Qs + E1(t) > 0, hence, V1 < 0 is obtained, except at the origin.
In conclusion, asymptotic stability is guaranteed within D,., .

Moreover, assuring the asymptotic stability, we have x — 0. Furthermore, if v is made sufficiently
small, then the steady state solution of (37) will converge to the steady state solution of (16), and
hence to the solution of the algebraic Riccati equation (13), i.e Z1 — S.

B Appendix: Asymptotic Convergence with Approximate Dynamics

Consider the system structured as

& =Wo+ > Wi, +e. (38)
j=1
where 4; = —@Trflpqlx qu) is the feedback control rule obtained based on the estimation of the

system (W W, i)- Moreover, € is the bounded approximation error in D. By assuming W = W4+ W
and W; = W + W], this can be rewritten as

& =Wo+ > W;di; + A),

Jj=1

where unidentified dynamics are lumped together as A(¢). By the assumption that the feedback
control u; is bounded in D, we have ||A(t)|| < A. For asymptotic convergence, and also promote
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the robustness of the controller, the effect of the uncertainty should be taken into account. Hence, we
use an auxiliary vector p to get
m
B=Wo+ Y W;diy; +At)+p—p

Jj=1

m
=W,®+ Y W;®i; + A(t) — p,
j=1
where assuming that @ also includes the constant basis, we adjusted the corresponding column in
the system matrix to get Wp. In the case A = 0, by using Theorem 3.1, the controller 7 can be
obtained such that the closed system is locally asymptotically stable. For the case A > 0, although
the system will stay stable for small enough A, it may not asymptotically converge to zero. Then,
similar to [28,34], we obtain p as below to help sliding the system state to zero

p= /0 [k12(7) + kosign(z(7))]dT,

where k; and ko are positive scalars. It can be shown that over time ||A(¢) — p|| — 0, and hence the
system will asymptotically converge to the origin.

C Appendix: Experiments Details

The approach employed in this paper is implemented using Python on a Windows 11 (64-bit) operating
system. The hardware setup consists of an Intel(R) Core(TM) 17-12700H processor with 16.0 GB of
RAM.

In what follows, we discuss the main steps involved in Algorithm 1 in more detail.

C.1 Control Update

To initiate the learning process, we begin by executing the system with an initial value of x( from
the domain D. We then solve the matrix differential equation (10) as the system evolves. In our
simulation, we employ a Runge-Kutta solver to numerically integrate the system dynamics, serving
as a substitute for the actual system in a real-world application. During this simulation, the solver
may take smaller time steps, but we only allow measurements and control updates at specific time
instances ¢, = kh, where h represents the sampling time, and & takes on values 0,1, 2, . ...

To solve the differential equation (10) in continuous time, we employ the Runge-Kutta solver with
a similar configuration. Here, the weights and states in the equation are updated using a system
identification algorithm and the measurements x; obtained at each iteration of the control loop,
respectively. It is advisable to initialize the matrix P(0) as a zero matrix.

For (10), it is also necessary to compute the partial derivatives 0®/0xy, at each time step. As the
basis functions ¢ are predetermined, these partial derivatives can be analytically calculated and stored
as functional representations. Consequently, they can be evaluated for any zj, in a manner similar to
evaluating @ itself. By solving equation (10), we can determine the control update at any given time
step tj, using equation (8).

In the examples presented in this paper, we choose the basis vector @ as given in Table. 3.

System \ o}
Linear System 1,21, xe, z3]
Inverted Pendulum [1, 21, x2, sinx1, SinTs]
Cartpole [, 21,...,24,22,..., 2% sinzy, ..., sinxy)
Quadrotor [1,21,...,212]

Table 3: Basis vector ® chosen

Computational complexity: The computational complexity involved in updating the parameters
using equation (10) is determined by the matrix multiplications of size p. It is worth mentioning that
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due to the symmetry of the parameter matrix P, this equation updates a total of L = (p* + p)/2
parameters, which corresponds to the number of bases utilized in the value function. Therefore, in
terms of the number of parameters, the complexity of the suggested approach is of the order O(LS/ ).

C.2 Model Update

We considered a given structured nonlinear system as in 2. Therefore, having the control and state
samples of the system, we need an algorithm that updates the estimation of system weights. Different
system identification techniques found in the literature can be employed. For Pendulum and Cartpole
systems we used Sparse Identification of Nonlinear Dynamics (SINDy) for this purpose. As studied
in [6, 15], SINDy is a data-efficient tool to extract the underlying sparse dynamics of the sampled
data. Hence, we use SINDy to update the weights of the system to be learned. In this approach, along
with the identification, the sparsity is also promoted in the weights by minimizing

[W lei/m]k :argmﬁianXk—W@kH%-i-)\HV_VHl, (39)
where £ is the time step, A > 0, and O, includes a matrix of samples with the columns of
0r = [@T(x°) T (@) ... OT(@)un’],,

for sth sample. In the same order, X keeps a table of the states derivatives approximated by
i’k = (:Ck — {Ekfl)/h.

Updating W, based on a history of samples may not be favored if the number of samples and
parameters tend to be large. Especially, real-time implementations may not be possible because of
the latency caused by the computations. Considering the linear dependence on the system weights
in (2), one may choose the well-known Recursive Least Squares (RLS) update rule that only uses
the latest sample of the system and W, _1, hence will run considerably faster. Considering that the
quadrotor system is of higher dimension and higher number of inputs compared to the other given
examples, it will involve many parameters. Hence for efficiency, we used RLS instead of SINDy. It
can be shown that in this case, the following optimization problem is solved in an online scheme

W Wi... Wy, = argmin | Xy — WOL3.
w

C.3 Dataset Update

For using SINDy algorithm, unlike RLS, a dataset of samples is required to recursively perform
regressions at each time step. These weights correspond to a library of functions given in ®. Any
sample of the system at time k&, includes ©° and the derivatives of the states approximated by L.
Samples are stored as matrices (X &, ©r), which can vary over time.

We perform SINDy updates along with the system trajectories, meaning that the dataset has to be
gradually built along with the exploration and control. Different approaches can be employed in the
choice of samples and building a dataset online. A comparison of these techniques can be found
in [18,31].

We assume a given maximum size of dataset N; = 2000, then we keep adding the samples with
larger prediction errors to it. Therefore, at any step we compare the prediction error é, = ||&) — ||

with the average é;, = Zle éx,/k. Hence, if the condition é; > né;, holds we add the sample to the
database, where the constant 0 < 1 < 1 adjusts the threshold. Choosing smaller values of 7 will
increase the rate of adding samples to the database. If the maximum number of samples in the dataset
is reached, we forget the oldest sample and replace it with the recent one. Therefore, 7 should not be
set too low to avoid fast forgetting of the older useful samples. For the quadrotor example, we set
n =0.9.
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D Appendix : Examples

D.1 Example 1. (A Linear System)

Consider the following linear system

0 1 0 0
i=| 0 0 1 |z+ [0, (40)
—0.1 —-05 —0.7 1

taken from [14]. The objective is defined by choosing () = I3 and R = 1.

D.1.1 Example 2. (Inverted Pendulum)
The state space description of the system is given as

x.l = T2,
o= Lsinan) - — sy + — @1)
Ty = Zsin(xy) — —x —
T Vmie T e
where m = 0.1kg,l = 0.5m, k =0.1,and g = 9.8m/32. The performance criteria are defined by
the choices of Q = diag([1,1]), R = 2.

D.1.2 Example 3. (Cartpole)

The dynamics are given as

T = T2,
P cos(x1) — mLz3sin(xy) cos(xy) + (M + m)gsin(zy)
2 L(M + msin(z1)?) ’
T3 = T4,
gy Y + msin(zy)(Lz3 — gcos(xl))’ “2)

M + msin(xq)?

where the state vector is composed of the angle of the pendulum from upright position, the angular
velocity, and the position and velocity of the cart, with m = 0.1kg, M = 1kg, L = 0.8m, and
g = 9.8m/s%. Moreover, we choose ) = diag([60, 1.5, 180, 45]), R = 1.

D.1.3 Example 4. (Quadrotor Model)

The nonlinear dynamics of the quadrotor can be written as

y:U,
0 1 0
v=|0|+—R|0],
—g m T
R = RQ(w),
w=J N -wxJw+T), 43)

where the states include the 3D position y, the linear velocity v of center of gravity in the inertial
frame, the rotation matrix R, and the angular velocity w in the body frame with respect to the inertial
frame. It should be noted that the third equation is written in a matrix form, where R takes value in the
special orthogonal group SO(3) = {R € R**3|R~! = RT det(R) = 1}. Accordingly, the attitude
of the quadrotor y = [¢ 6 1] can be extracted from R at any time instance, which contains the
roll, pitch, and yaw angles, respectively.

The inputs of this system are given by the moments in the body frame
Crd(—w3 — @F + @} + wF)
7= |Cpd(—w} +@5 + w3 —w3) |,

Cp (@3 + @i — wf - @3)
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s66  and the thrust

T = Cp(@? + @3 + @2 + @3)

s67  generated in the body frame by the rotors, where @;, d, Cr, and Cp denote the rotational speed of
ses each rotor, the arm length, the lift, and the drag coefficients of the propellers, respectively. Model
se9 coefficients are given as in Table 4.

\ Value[unit] \ Value[unit]
m 0.33 [Kg] d | 39.73 x 10~3[m]
I, | 1.395 x 107°[Kgxm?] Cr 0.2025
I, | 1.436 x 10~°[Kgxm?] Cp 0.11
.2 | 2173 x 1075 [Kgxm?] g 0.98[m/s?]

Table 4: The coefficients of the simulated Crazyflie

s E  Hyperparameters for PPO

Hyperparameter Value
Horizon (T) 1500
Actor learning rate | 3e-04
Critic learning rate | le-03

Num. epochs 10
Minibatch size 64
Discount () 0.99

GAE parameter (A) | 0.95
Table 5: Hyperparameters for PPO

s Control cost curves for cartpole and quadrotor

572 To assess the performance of SOL, PPO, and ADP, we run the trained models on the cartpole and
573 quadrotor environment. The control cost at each time step is measured by computing =7 Qx + u” Ru
s74  at the time step. This is repeated for 100 trajectories with randomly sampled initial conditions. The
575 initial position, velocity, angle, and angular velocity in the cartpole system are samples from the same
576 continuous uniform distribution U (a, b) defined by the bounds a and b. We plot the mean control
577 cost and the standard deviation (shown by the shaded area) below.
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Figure 3: Control cost curves for each algorithm on the cartpole environment averaged over 100

trajectories. The shaded area indicates one standard deviation. Initial conditions are sampled from
U(-0.05,0.05).

Figure 3 shows that the controller returned from PPO shows unstable behavior and oscillation around
the stable equilibrium point. SOL and ADP instead return stable controllers that converge to the
equilibrium point. For a comparison between the two stable controllers, we plotted their performance

on the cartpole environment with a better resolution and a wider range of initial conditions in Figure
4.
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Figure 4: Control cost curves for SOL and ADP on the cartpole environment averaged over 100

trajectories. The shaded area indicates one standard deviation. Initial conditions are sampled from
U(-0.2,0.2).

Thus, SOL can achieve comparable results to ADP without the requirement of an initially stable
controller. In fact, obtaining an initially stable controller for ADP within a larger vicinity of the
equilibrium point poses a significant challenge. Consequently, for a broader range of domains, ADP
may yield extremely high costs, whereas SOL can still converge successfully. This is shown in Figure
5 where we widen the distribution of initial conditions to U (—0.5,0.5).
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Figure 5: Control cost curves for SOL and ADP on the cartpole environment averaged over 100
trajectories. The flat line region of ADP indicates that the agents have gone out of bounds. The
shaded area indicates one standard deviation. Initial conditions are sampled from U(—0.5,0.5).

We finally compare the performance of PPO and SOL on the quadrotor environment, shown in Figure
6. Due to the requirement of an initial stable controller for ADP and the complexity that the quadrotor
environment poses, no implementation was attempted. PPO shows high control costs and its trajectory
goes out of bounds, whereas SOL returns a stable controller that converges to the equilibrium point.

Quadrotor
16004 PPO
—— SOL
1400 A
1200 A
1000 o
2
o
S 800 1
k=
8
600
400 A
200 A
O 4
0 5 10 15 20 25 30
Time (s)

Figure 6: Control cost curves for each algorithm on the quadrotor environment averaged over 100
trajectories. The flat line region of PPO indicates that the agents have gone out of bounds. The shaded
area indicates one standard deviation.
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